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THE PROBLEM OF TIME-STREAM EVALUATION:
PRESENT VALUE VERSUS INTERNAL RATE OF
RETURN RULES

By M. S. FELDSTEIN and J. S. FLEMMING

Our interest in the particular problem of time-stream evaluation for the
purpose of making investment decisions has developed from a wider interest in
cost-benefit analysis.! Although the argument set out below is developed in
terms of a government ‘agency’ (this term covers both departments and public
corporations or nationalized industries), it is quite general and might be used
equally well in the private sector. For simplicity, many of the most interesting
problems in the cost-benefit field, such as the measurement of benefits, are ignored
in this paper.

This note is divided into three parts: in the first we define the two concepts
we are to compare, and consider their significance and usefulness in a world in
which there is no crude allocation of investment funds to agencies, but merely a
standard laid down which must be met by any investment project. This section
ends with a simple example which should illustrate the superiority of the present
value procedure. The second part carries the argument into the field of ‘sub-
optimisation’ where funds are allocated to agencies in fixed quantities and it is
their task to decide, given the funds, how best to distribute them between
different projects. Different projects often involve non-comparable benefits, the
benefits of sewers and schools, for example. The cases in which benefits are
comparable are typically choices between two ways of doing the same thing:
road or rail, dieselisation or electrification, nuclear or conventional power. This
is the problem of choosing between incompatible projects and is considered in
some detail in each of the first two parts.

In the third part we tie up some loose ends from the previous discussion: this
is only done for the case of the present value rule as the problems we consider
there are extremely difficult, if not impossible, to handle by any internal rate of
return rule.

I. Two DiscoUNTING RULES FOR TIME-STREAM EVALUATION

Two discounting procedures have commonly been proposed for evaluating
independent? investment projects where the investing agency is not subjected
to budget constraints and faces a single lending-borrowing rate of interest.

The present value of a proposed investment is calculated by discounting® the

i 1We are indebted to P. D. Henderson, D. L. Munby, J. F. Wright, R. J. Van Noorden and
: othormembersofasemmarthatdmcussesthmﬁeldatOx
! By ‘independent’ we mean that the revenues (social beneﬁts) and costs of one Wec

are independent of whether or not, or on what scale, any other project is undertaken.
two or more projects are significantly mmdependent every POS!I combination of them must
he evaluated separately and the rules for incompatible projects, developed below, applied to
choosing between them.

8 This discounting need not be by any constant rate; the rate applied between years t and
i t11 can be different from that applied between t41 and t+2.
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pet revenue (social benefit) stream over the life of tha project. Tho net revenue
is defined, as for a cash flow, to be net only of actual outgoings,! whether

current or on capital account: no separate allowance for depreciation is made
Thus typically the initia) capital investment makes the valoe of the net revenue
beavily negstive in the early years. 1n the sbesence of a budget constraint any
project with a positive present value is admissible. Where two incompatible
projects (for example the same project on diflerent scales), are both admissible
that with the higher present value should be undertaken. A special case of
incompatibility is between doing an Investment now and doing it at some future
date. It may be that the present value for future implementation Is the higher
in this case our rule requires that the project be postponed.

The internal rate of return of a project Is defined as that discount rate whicl
roakes the present value of the net revenue (benefit) stream equal to zero. I
this rate if greater than the borrowing rate faong the agency, or some arbitran
rate? handed down from above, the project is admissible. For choosing between
wcompatible projects it is often suggested that the alternarive with the highest
internal rate of return should be chosen. This rule is incorrect because a larger
project may have a lower internal rate of return then a smaller one but still have
a rate of the difference of the outlsys which exceeds the minimum required.® Ir
fact it is very difficult to lay down any generul criterion for size, but the problem
could be avoided by using Fisher’st ‘rate of return over cost’ rule. The rate of
return over cost 1s defined, where two projects are being compared. as that rate
of discount which equates the stream of diffezences between the net revenue
(benefits) of the two investments to zero ®* Then of two admissible but incom-
patible projects, A and B, A should be chosen in preference to B il the interoa!
rate of return of the stream of differences, A-B, 18 greater than the minimum rate
required.®

This procedure 15 equvalent to examinming the incremental rate of return; 1t
1s the analogue, in the discontinuous case, of considering the marginal interna
rate of the project in the continuous case. Although Fisher’s incremental rule i<
based on internal rate of return notions, it escapes from the difficulty that therr
is no marginal internal rate of return in the discontinuous case. Therefore the
typical discontinmty of public sector investment projects is oot in pnnciple, a
reason for prefernng the present value rule.” There are. however, other reasons

1 For social purposss, both outgomgs and revenoes should be valued at shadow pnces

thal reflect thar social costy
S This artstrary rate may be some normauve rate reflecting a guvernment decimon an Ut

Euh!mzmhudlorphnnhg
'hem thss munimum w the market rate of mierast 11 doss, of course. reprasont the oppor-
tunrty cost of the Gnance. so that when the incremental rate of return excerds the minmur
n a better than the pext bast alternative use of the funds 1t reyuires
o1 F"Ihr Tie Theory of Inisrass, New York. Macmullan, 1930 p 133 In Kelloy s repnnt of
1960. See slso A A Alkchian. "The Ratr of Interem. Fiaher's Rats of Return over Cost’, and
Keynes' 1oternal Rate of Return’, Amences Economs Review, Vol. mlv {Dec. 1933, p 938
'lth-&nwnlmmmmunmwlvdu.
¢ Cartaln further condibons @ust also bo met 1f Lhe Lo rate of return 18 to be uniqur
and oerful: we dicuss thess below T
? Thex, we cannot agree with Ralph Tarvey's a8 & reasor
lwnja:mgu:n-ulﬂnmwndrlualmm Turwy &n\dmmmlnw
Mdﬂnnm—uE-yhmThnvdnnmh Foomomc [onernal, Val, Lxxiv
{March 1963), especially pp. 9¢ and 98
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for regarding it as superior. First, the value of the internal rate of return need
not be unique' or even real. Only if the net revenue steam changes sign once
only. from negutive to positive, it is the case that there must be a onique
internal rate and that it is a reasonable thing to ‘maximise’. If it changes sign
once, but in the opposite direction, a unique rute will exist but the larger it is
the leas demrable the project will be on present value grounds; for the higher the
future cost of some present gan the higher the rate of discount needed to redoce
them to the same valne. If the net revenue stream changes sign n times there
may possibly be up to n distinct values of the internal rate of return ® Consider
the following example taken from Hirshleifer? —1, +5,—6. This can be dis-
counted to zero at either 100 per cent or 200 per cent. In another example of
Hirshleifer's —2, 6, —5 the rate is imaginary. (1++/—1);2. All the rates will be
imaginary if the present value of the revenue stream is either pomtive at all
discount rates or negative at all discount rates.

It might be argued that these points are not very telling as the examples
given are rather peculiar. This is perfectly true if they are regarded as time
streams of the net revenue of a project;! but as we have already seen a valid rule
based on the inlernal rate of return must also require the use of Fisher's rate of
return over cost. ln thus case time streams which change their sign relatively
frequently. and which bave non-unique internal rates of return, are far more
Lkely. The arcumstances that give rise (o these cases also require that the
present value rule be applied with precision. For it {ollows that given a certamn
time stream its present value may be positive at two levels of the rate of discount
and negative 1n between. This has two implications. first, 1t 1s not necessarily
true that a project which 1s admussible at a high rate of discount will be at a
lower rate Second. if ambiguity is to be avoided the discount rate must be
precisely specified. For wnstance if the discount rate is meant to reflect ‘socal
ume preference’ one might be tempted to put limits on 1t and say that at least
one can be sure that what 13 acceptable at the upper limit is admissible; but ths
15 not true. If social time preference is really lower in the range 1t might well
require that the project be rejected

Even if a single real value can be attached both to the simple and the incre-

! Soe the dascusnon in ] H mmLL&M.MMMumMoI
(apral . Jowrmal of Bunuess (Chacago) 1953 Pitchiord snd Hagger. "A Noto on the
Efbiceency of Capital’. Ecomomic Jowrmal, Vol lxvu (1938), 3597) and comments by Hursb-

lexfer (p 392), Sabeoch { 816) sop-(p l10)n.ndw B (p 813)in the Economnc jownal. Val i
1939), ] Himhiewfer, P Opu.nmuv-mlbun Jownal of Poluscal

Fa \.nlasuoss. JN)ud)F“ hi. ‘Notss on the Margnal Efficsacy of

('A;nul O'fwd Ecomomuc F.p-n NS, Vol xv (1963), (p. 129)
lllhmnvuuuwmuynopnu(nmnbnmm Ts a0 lnvestment) 1t is
& but oot a ol for there to be more one posiive real rate of

murn(ulh:nuomullmmnltbenunupunlmlhummmmnmnmd
the undistountad nel revenues bryond that pdnl-nq;uve

* Ou the Theory of the Opumal lovestment Docmoa *

¢Even the peculiar case ®» Bol 88 raro as soma of the contributors to the discommon af
multzple rates woald bave ua belisve Not all termunal expenses are avosdabic, as they aam o
some. Unavosdable costs are mast likaly 10 arise in the pnvats sector where thare o logs-
Luon ao the stats in which works can be left  Thus If open-cast mme works and gravel pats
hwmhmmmmw placed. the P mybev'yhgh dmilarly
with the & bandoned ooclear ln
lndmth-mpunmhdnlu-nm-mnnmhmhﬂnm murul-nm of
them, aocial valuation takes soch externaltios into account.
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mental rates of return the comparison of them with any current interest rate
may be irrelevant if the rate Is Liable to change over the life of the project. In
the case of a present value calculation, on the other band, one is not committed
10 using the same rate of discount throughout. One is entirely free to apply any
time-preference function without restricting choice to the special case in which
it can be represented as a cobstant discount rate.

Finally, it is far easier to compute and compare the present values of incom-
patible projects than to calculate Fisher's rates of return over cost for a large
set of projects. If we want to evaluat binations of independent projects’
it is much simpler to add present values than to recalculate the internal rates of
return of the overall time streams. The present valur of two independent
projects taken together is the sum of their separute present values No such
simple rule can be devised for combining rates of retumn.

Consider this example of the time streams of two incompatible projects
(which have both been selected to bave unique internal rates of returni

stream A.  —100, 2, 10, 13, 20, 25, 35, 30, 0.

stream B:  —100. 5, 15, 2. 30, 28, 20, 20, 20.

stream A-B: 0, -3, —5, —10. —10, 0, 15, 10. 1.
The internal rate of return of A 1s 10 per cent, that of B 11 per cent, the mmple
rate of return rule would have us choose B. Bat if we look at Fisher's rate of
return over cost we find that 1t 1s 6 per cent for (A-B) and (B-A). As the stream
(A-B) changes sign from negative to positive it represents a prafitable investment
at any interest rate less than 6 per cent, only at rates above 6 per cent would
(B-A) be profitable. Thus on Fisher's rule one would choose A f the minimum
value of the rate of return were less than 6 per cent and B if it were more. Thas
is exactly the same as the present value rule for Fisher's rate of return over cost
is that rate which equates the present values of the two projects. At 5 per cent
A has present value 29.0 and B 27.6 at 9 per cent the ardenng 13 reversed wath
Aat42and Baté6.7.

This example should make clear three important points first. that the simple
rate of return rule is wrong: second. that where Fisher's rale of return rule gives
any meaningful result, it 13 the same as the present value rule wath a constant
discount rate equal to the minimum value in the internal rate of return rule.
third, the most saubstantive objection to Fisher's rule is that in some cases non-
uniqueness arises.

II. DiscovsTine RuLEs UNDER CAPITAL RaTIONING

The argument of the previous section was set in the context of an uncon-
strained capital budget. That is to say one in which, while it may be that agencie<
are told that their projects must have a certain minmmum internal rate of return
or a positive present value at a certain rate of discount, if this condition is raet
they can invest as much as they like. This is not the way the world in fact works.
governments, especially, like to decide how much is to be invested and by whom.
unless they know in advance all about every possible project this control cannot
be exercised simply by adjusting the minimum requirements. Thus the constraint

' We shall conmder in secUon [T srvera) reaspos why we might
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often becomes a imple limitation on capital expenditure,! usually ounly specified
for sorne short period ahead but in fact being repeated indefinitely. The problem
16 on what criterion, under these circumstances, projects should be compared and
selacted.

We shall continue to compare the present value and internal rate of return
as providing alternative bases for rules i this situation. We shall consider the
budget construint as a rigid limit either on investment expenditure or on borrow-
Ing-

If one calculates the present-value-per-current-pound® ratio for each of the
projects, where ‘current-pounds’ stands for the amount of expenditure (borrow-
ing) required in the penod of the specified constraint, one can rank the projects
in an order of desirability and work down the Jist until the budget is exhaosted.
One should cast this rule into an incremental ferm. as 2 small project with a
hugh value of the critical ratio should not be allowed to displace a larger® one
unless the sum of 1ts present value and that of the new project admitted to take
up the available funds is greater than that of the larger project. If the present-
\alue-per-current-ponnd ratio for the border-line project is called the ‘marginal’
value of the ratio. a larger project is to be preferred to a amaller one with a higher
value of the ratio 80 Jong as the incemental value of the ratio for the larger
project 15 greater than the marginal value.

Again. under capital rationing. an otherwise admissible project may gain by
postponement; then a different project. with a lower ratio of present value to
current outlay than the postponed project wounld have had for immediate
implementation, should be undertaken. But future budgets may also be con-
strmned and the marginal value of the ratio may be higher in the future. Thos
even il its present-value-per-(then)current-poand ratio would be increased by
postponement it would not necessarily be correct to postpone the project if in
the same trme the marginal ratio rose by a larger amoant.*

The posubility that futore budgets may also be constraned has other
romplicating implications. For il any part of the revenue of the project accrues
to the agency and influences the amount the agency can then invest (e g. becaunse
the constraint 15 only on borrowing). a value reflecting the positive present valoe
of the {then) marginal project must be assigned to this part of the revenue *

In the case of adapting the internal rate of retarn so as to provide a possible
rule {or suboptimisation. one line of approach 1 to try to find the rate of interest
which would. on the usua) internal rate of return rule. make admissible expend:-

'Ve amume. though 11 o perhaps inconsmstant, mtmg\-‘ml'ﬂmml
it

recarremt mmmm&nlhwmhm clpulnd-n
total n]nnd 1. Thus doss not rule cat the posibility Lhat
lhe-.-noluumnt.wmﬁwnu-y-u may nfl tln-nolth:
lunds fof w0 Tho cam 18 d 1n secoon LIT.

'thmhﬂnﬂlﬂhdd Water Sapply. Ecosomucs, Technology, and

for mse by the of the r that they require

. » e

A M F“ y - o A raatwrd
nay bo found 18 S A Margtin, App Dy ! P g

‘m-mmhmhu) in sectnn 111 below.
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tare exactly equal to the permitted budget. McKean! reaches a similar critarion
by trying to find a set of projects which will exhaust the budget and also be such
that at some discount rate each project has a positive present value while each
of the rejected projects either has a negative present value or is incompatible
with an accepted project. The problem ls, given two or more incompatible
projects, how one should rank them; the rule, as stated. does not provide any
answer. McKean suggests ranking them by their present values when discounted
at the internal rate of return of the marginal admissible project; but this pro-
cedure i difficult where projects are of different sizes so that the value of the
marginal rate itself depends an which of the projects is selected. Admittedly it is
probable that the diflerence between these rates of retarn would not be sufficient
to reverse the ordering of the projects, but nonetheless it is an unsatisfactory
situation.

When the budget was uncoastrained, despite all the other disadvantages of
the internal rate of return, it was at least possible that its critical valae should
reflect some chosen (e.g. social) time preference. It 18 only by the purest chance
that it should do so when the budget is constrained. On the other hand, the
marginal-present-value-per-current-pound rule continues, even when one is
subopumising, to make a chosen time-preference function an expliat factor in
the investment decision. Similarly, the use of McKean's marginal internal rate
of return rule precludes explicit incdusion of the social opportunity cost of funds
transferred from private investment in future years.

II1. SomE COMPLICATIONS IN TEE APPLICATION OF THE PRESENT VaLLE RuLe

Those who say that in choosing between incompatible projects one should
preder the project with the higher internal rate of return often do so on some
assumption that the revenues can be reinvested at that higher rate. Our argu-
ment would be that if any chewgs in investment can be associated with a project
then it should be regarded as part of it and the present value of the whole taken
into account. Thus for our purposes the present value of a project reflects the
fruitfulness of any further investment it occasions, bw only sf fheve 15 some
specsal reason for assocrating the fusure investimens with the presend projed.

A possible example could arise where doing one project rather than another
would provide an opportunity for a 'better than marginal' investment. For
example a2 demand might exist at a fixed price for a certain number of units of
electricity; this could be met either by building a conventional or a nuclear
power station, the former would last forty. and the latter twenty, years; the
capital and running costs difier in each case, the latter being relatively low for
nuclear power. Which should one do? Should one smply apply the present
value rale to the problem as it stands?

The selection of the longer lived conventional station, would, assuming
demand to be constant and output the ssme, preclude the possibility of building
any power station in twenty years time (except in the unlikely case where the
total costs of the new one were less than the variable costs of the old), bat it is
almost certain that technical progress would so cbange the cost level and

3 R N. McKean, Eficumcy sw Gowrnsmems through Sysiems Analysus, New York, Wilsy, 1938
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structure that, at the same price, there would, after twenty years, be the oppor-
tunity for a very worthwhile investment. In such a case, the present value, at the
time of taking the first decision, of this later station should be added to that of
the shorter lived nuclear power station when its relative merits are considered.
Taking the present value of a specific future investment into account is justified
only where one of a pair of incompatible projects does, and the other does not,
preclude the exploitation of some specific future opportanity.

If the discount rate used in the calcnlation of present valnes based perhaps
on some notion of ‘social time preference’, is lower than the ‘rate of return’ on
marginal investment in the rest of the economy, emy change' in aggregate
investment attribatabie to the project, whenever undertaken, should be valued
at its present value at the time of the original decision and added to that of the
project.? A similar procedure is required where the projects influence the amount
of investment that can be undertaken by the agency in future periods; this
imvestment will often bave a non-zero present valuse when the agency budget is
construined, even if the discount rate used is not less than the return on invest-
ment 18 general.

'Whn‘u-wlqlhnu-vduoldnmmlm--pnolthcw-
luml ct.tollhnrro)q:t

d aod & valoe of & n
nnmv-unenl © developed 0 M S Felnhtdn \nSnnJhi! uh::‘ﬁ:
bl Investment Decaion’, Oxford Ecomom Papers. Masrch 1964

Nuffield College,
Oxford




Copyright of Bulletin of the Oxford University Institute of Economics & Statistics is the
property of Blackwell Publishing Limited. The copyright in an individual article may be
maintained by the author in certain cases. Content may not be copied or emailed to
multiple sites or posted to a listserv without the copyright holder's express written
permission. However, users may print, download, or email articles for individual use.





